We explore a vexing benchmark problem for viscoelastic fluid flows with the discontinuous Petrov-Galerkin (DPG) finite element method of Demkowicz and Gopalakrishnan [1, 2] . In our analysis, we develop an intrinsic a posteriori error indicator which we use for adaptive mesh generation. The DPG method is useful for the problem we consider because the method is inherently stable-requiring no stabilization of the linearized discretization in order to handle the advective terms in the model. Because stabilization is a pressing issue in these models, this happens to become a very useful property of the method which simplifies our analysis. This built-in stability at all length scales and the a posteriori error indicator additionally allows for the generation of parameter-specific meshes starting from a common coarse initial mesh. A DPG discretization always produces a symmetric positive definite stiffness matrix. This feature allows us to use the most efficient direct solvers for all of our computations. We use the Camellia finite element software package [3, 4] for all of our analysis.
Introduction
Viscoelastic fluids and the models which are used to predict their behavior are common in engineering mechanics and industry. Typical examples of such fluids are blood and polymer melts and interest for modeling them is often found in biomedical engineering [5] and plastics manufacturing [6] . Given their significance, it is important to note that the modeling of these fluids is challenging from both the computational as well as the physical perspective.
From the computational perspective, challenges manifest in three important ways:
1. Given the complexity of the equations, few analytical solutions are known, so that verification of numerical methods is relegated to benchmark problems. Ostensibly benign issues, discrepancies in numerical results and loss of convergence are common and contentious. 2. Stability is a prevalent concern due to the convective nature of the nonlinear viscoelastic constitutive laws. Given the discrepancies and eventual numerical failures reported in the literature, some suspect that stabilization may have introduced spurious effects in some discretizations. 3. The solution in the most controversial parameter ranges exhibit small-length-scale, high-contrast features. For instance, in the benchmark problem we considered, both
Email address: brendan@ices.utexas.edu (B. Keith) 1 This research was supported in part by the Office of Science, U.S. Department of Energy, under Contract DE-AC02-06CH11357, through a postdoctoral appointment at Argonne National Laboratory. It was also supported in part by an appointment at Sandia National Laboratories, a multi-mission laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energys National Nuclear Security Administration under contract DE-AC04-94AL85000. boundary layers and internal layers develop in a stress variable. Local to these features, the values of the stress components rapidly change by orders of magnitude. From the physical perspective-also due to the complexity of the equations-qualitative knowledge of solution features is limited. Indeed, it is not generally known in many benchmark problems upon which parameter ranges physical instabilities or transience is present. Therefore, there is contention in whether the discrepancies in benchmark results-and more importantly, the loss of convergence in numerical methods-are due to the ill-posedness of the very problems being discretized.
In an attempt to address the second and third computational issues mentioned above, we apply new finite element analysis to the steady-state confined cylinder benchmark problem with a method which guarantees numerical stability of each linearized problem without stabilization terms and involves a built-in a posteriori error estimator. These features will reduce the means for numerical error in the results and allow for adaptive resolution of the small-scale solution features via a sequence of refined meshes. Both of these aspects make our analysis notable in the context of the literature to date.
We will use the discontinuous Petrov-Galerkin (DPG) methodology of Demkowicz and Gopalakrishnan [7] for our investigation. Since it is rather new in the literature, we will contrast some features of DPG with those of more traditional stabilized finite element methods in the second part of this introduction. However, let us highlight here that the approach DPG takes is different from the log-conformation methods, as used in [8] [9] [10] [11] [12] [13] , in that it is stabilization for the linearized problem, whereas log-conformation is a non-linear reformulation of the problem. As such, the two approaches are independent and so it begs the question whether the combination of both methods may yield an even more improved numerical method. As similar point of reasoning could also begin with the square-root method of [14] .
We will now briefly expand upon the viscoelastic models that we will later analyze. The introduction closes with some comments on notation and an outline of the rest of the paper.
Viscoelastic fluid models
Introducing pressure, p, velocity, u, and solvent viscosity, η S , a very common macroscopic description of (incompressible) viscoelastic fluids is given by the following constitutive law for the Cauchy stress [15] :
Here, the non-Newtonian term, the extra stress tensor, T, is governed by a relationship independent of kinematic conservation laws. For instance, the Giesekus model [16] , with mobility factor, α ∈ [0, 1], describes the advection and decay of T along the streamlines of the fluid by
Here, λ > 0 is the relaxation time, η P is the polymeric viscosity, and L is the Lie derivative operator-in this situation, acting on T in the direction u and then often called the upper-convected Maxwell derivative [17] -viz.,
Notably, when α = 0 the Giesekus model reduces to the Oldroyd-B model [18] . We will discretize both the Giesekus model and the Oldroyd-B model in this work. We note that there are many other common and similar viscoelastic models which we do not analyze. These include the White-Metzner model [19] and the PhanThien-Tanner (PTT) model [20] as well as various finitely extensible, nonlinearly elastic (FENE) models [21] . Even though the Oldroyd-B model suffers from a lack of finite extensibility, it is also the most well-studied of these models for the confined cylinder benchmark problem. Moreover, because most alternative models are closely related to Oldroyd-B, it is a natural place to start. So as to correlate our results with the literature even further, we additionally consider inertial effects in the Oldroyd-B model, and the (non-inertial) Giesekus model.
DPG versus stabilized methods
In the name "DPG", Petrov-Galerkin indicates that the trial and test spaces do not need to coincide. In fact, in this paper, they will not coincide. The DPG methodology is to assemble the test-space on-the-fly in such a way as to induce stability in each linearized problem. This is performed element-wise and made possible because the test space is discontinuous. Because of the local operations on the test space, the DPG methodology always produces a symmetric and positive definite stiffness matrix and is automatically stable with a stability constant predictably close to that of the infinite-dimensional problem.
Bubnov-Galerkin finite element methods use a discretization where both the trial and the test functions are drawn from identical function spaces. However, when there is a lack of symmetry in the equations-as is common in fluid flow problems-such choices of trial and test functions produce non-symmetric stiffness matrices. Generally speaking, non-symmetric matrices require more expensive linear solvers than symmetric matrices.
A further and perhaps more important hindrance is that Bubnov-Galerkin discretizations commonly produce unstable systems or systems with large stability constants. Rectifying this issue frequently involves introducing new terms and parameters into the discretization which are not present in the original equations. In some cases, the introduction of these new stabilization terms can be understood to be equivalent to modifications of the test space, so that many of these methods are also called Petrov-Galerkin methods. 2 With these methods, as the number of equations in the model grows, so does the size of the new parameter space and so also the difficulty of choosing suitable parameters. Methods which employ such strategies are frequently called stabilized methods and some of the most prominent and successful are the streamline upwind Petrov-Galerkin method [22] and the variational multiscale method [23] .
In this paper, we apply the discontinuous Petrov-Galerkin finite element methodology [7] to an ultraweak variational formulation [1] of the steady version of the aforementioned viscoelastic fluid models. By an ultraweak variational formulation, we mean a variational formulation of a first-order PDE system wherein all of the derivatives have been moved from the trial functions and onto the test functions through integration by parts. Therefore, before we begin to discretize the problem, we must write the equations as a first-order system (see Section 3). Such formulations have been studied with DPG in both incompressible (Stokes and Navier-Stokes) [24] [25] [26] and compressible fluid flow problems (Navier-Stokes) [27, 28] . Demonstrated successes in these studies suggested that it would also perform well with viscoelastic fluid models. And, naturally, without stabilization.
As previously mentioned, we entirely restrict ourselves to steady problems and so neglect all temporal strategies. This is due in part to the scarcity of literature on DPG methods for transient problems. However, in this regard, the interested reader may wish to consult [27] [28] [29] [30] .
Camellia
In our study, we rely heavily upon Camellia [3, 4] , a C++ toolbox developed by Nathan V. Roberts which uses Sandia's Trilinos library of packages [31] . The general approach in this work follows a trajectory for the DPG method which has been established in the previously mentioned Stokes and Navier-Stokes studies.
Although it is not appropriate to discuss all of the core features here, Camellia is a publicly available software 3 with many 2 However, the linear systems which are obtained with stabilized methods are generally not symmetric and their discrete stability constants can be far from those inherent to the original infinite-dimensional problem. 3 Available at https://bitbucket.org/nateroberts/ camellia.git. tools for rapid implementation of several different finite element methods including discontinuous Galerkin, discontinuous Petrov-Galerkin, hybridizable discontinuous Galerkin [32] , and first-order system least-squares [33] .
Its mechanisms allow the user to simply provide the bilinear form, boundary conditions, polynomial order, test norm, and material and load data before solving a problem. It also supports shape functions coming from the full exact sequence for most standard one-, two-, and three-dimensional elements. Specifically, it supports the conforming and non-conforming two-dimensional quadrilateral H 1 and H(div) shape functions, which were used in our work.
Notations and conventions
Throughout this paper, we regularly resort to abstract linear and bilinear operator notation. For these operators, several finite element colloquialisms will be used. For instance, for an abstract bilinear form on Hilbert spaces; b : U × V → R, U will denote the trial space and V the test space.
For some load, or continuous linear form, ℓ ∈ V ′ , we are generally interested in the equivalent abstract problems
where
The operators b and B are entirely interchangeable and we will often pass between them for simplicity of exposition. In order to define the specific spaces that will take the places of U and V invoked above, we must define some typical Hilbert spaces. To begin, we define the L 2 inner product in a domain
where Tr is the usual algebraic trace of a matrix. That is, depending upon whether u and v take scalar, vector, or matrix values, Tr(u T v) will be uv, u · v, or u : v, respectively. The specific Lebesgue spaces that we will need are
where U is a subspace of M, the space of 2 × 2 real-valued matrices. More explicitly, U will be allowed to be the symmetric matrices, S, or M itself. We will use these Lebesgue spaces to construct the solution of the ultraweak formulation of the viscoelastic fluid equations; since no derivatives will be applied to the solution variables, no regularity conditions need to be assumed. Letting the mesh be denoted T , the norm on the space of discontinuous test velocities is defined 
however, we emphasize to the reader that H 1 (Ω) H 1 (T ) since only the latter contains functions with jump discontinuities.
All other discontinuous test function spaces are defined similarly.
Let us now consider a creeping flow, wherein the conservation of momentum dictates that the Cauchy stress obey the relationship − ∇ · σ = ρ f , where ρ is the mass density, f is a body force density, and ∇ · denotes the row-wise distributional divergence. Multiplying this equation by a test velocity, v, integrating over a single element, K, and then integrating by parts, we obtain
Here, we understand ·, · ∂K to indicate (assuming sufficiently smooth variables 4 ) an integral over the element boundary. The DPG method will require that we disassociate the stress variable inside the element with its action on the boundary. To do this, we introduce a new unknown flux variable,t = -which we call the traction-to replace σ ·n. Summing over each element in the mesh, we arrive at the equation
Here, ∇ h indicates that the gradient is intended element-wise and ·, · h indicates the accumulation of all related boundary terms.
In the DPG method, trial variables with a circumflex are called interface variables. They only have values over the skeleton of the mesh; they are not defined on element interiors. The trial variables defined local to the elements are called field variables and in the ultraweak setting are discontinuous and are not well-defined on the mesh skeleton. For a further example, we will eventually use u to represent the field velocity andû to represent the interface velocity.
Interface variables in the DPG method act as Lagrange multipliers in response to the discontinuity of the test space. In an ultraweak formulation, the interface variables are the only variables which have continuity across element boundaries. That is, we allow discontinuity in the field variables in an ultraweak formulation.
We call interface variables which replace terms involving the outward facing normal flux variables (e.g.t), and interface variables simply representing restriction to the boundary trace variables (e.g.û). This distinction is important because in a 2D computer implementation, flux variable continuity is enforced only at edge nodes while trace variable continuity is also enforced at vertex nodes. The reasons for this are theoretical and discussed in [3] .
Outline
The next section gives a compact outline of the features of this non-standard finite element method most important for our study on viscoelastic fluids. Then, once the essential components of the DPG method have been established, in Section 3 we provide a precise ultraweak variational formulation that we will use in the benchmark analysis. In Section 4 we verify our implementation by comparing with the existing literature. The paper closes in Section 5 with concluding remarks and a brief discussion of aspirations for future work.
DPG: the main ideas
Abstractly, the method is derived as follows. Let b : U × V → R be a bilinear form on Hilbert spaces, U and V . After a discretization of the trial space has been chosen-or equivalently, after a set of computable solutions, U h ⊂ U , has been fixed-we seek the optimal discrete solution, u opt h , of the residual minimization problem
This residual optimality translates into optimality of the error in the induced energy norm, u U ind. = Bu V ′ , since the (induced) energy error can be written as
Such a derived norm is determined only by the operator, B, and the test norm being used, · V . We can easily characterize the optimal solution as the unique stationary solution of (2.1). First, however, it is helpful to rewrite
is the Riesz operator defined by
and (·, ·) V is the inner product on V . The Riesz map is an isometry-that is,
V . Therefore, invoking (2.2), the optimal solution must vanish in the first variation of (2.1),
If we define the DPG inner product as a(u, δu) = Bu, R −1 V Bδu for all u, δu ∈ U , then symmetry of a is obvious:
Notice that computing the optimal solution involves evaluating the inverse of the Riesz map. Unfortunately, computing the inverse of a global operator is prohibitively expensive in general scenarios. However, this can be made practical when using a test space which is discontinuous across element boundaries. Such test spaces can be decomposed into a finite orthogonal direct sum, V DPG = K∈T V K . Here, it is helpful to envision each V K as an element-wise test space, where K is a given element in the mesh, T . For instance, consider the space of test velocities in (1.5) where
With such a decomposition, we see that the Riesz map can be defined through its action on individual elements. This is because for every element-local test function, v K | K ∈ V K and v K | Ω\K = 0, and all possible δv DPG = K∈T δv K ,
This leads to locality of the operator and its inverse, R −1
VK , which can therefore be efficiently approximated on-the-fly and in parallel. With this locality, we can also decompose the residual into a single sum over the elements of the mesh,
Notable here is that each individual term on the right hand side of (2.5), induces an a posterior error indicator which we denote for an element K as η V K . We will use such estimates of local error contributions to infer an intrinsic refinement strategy which we call the energy strategy.
As mentioned in Section 1.4, due to the discontinuous test spaces, a DPG solution usually involves interface variables. By decomposing a DPG trial variable into two terms, u DPG = (u fld. ,û), we can also decompose the DPG bilinear form, b DPG , into two separate contributions,
Here, u fld.
is solution field variable with values across the entire domain,û is an interface variable with values only upon the mesh skeleton, and
is a test function which is allowed to be discontinuous across all element boundaries.
Stability
Stability in a finite element method essentially determines-in a quantifiable way-whether the discrete problem is well-posed under compatible loads [35] . For arbitrary discrete trial and test spaces, U h ⊂ U and V h ⊂ V , the amount of stability in a finite element method is measured by the so-called discrete inf-sup constant,
The burden here is not only that without stability-that is, if γ h = 0-the method will not converge, but that the smaller the value of γ h , the larger the difference can be between the discrete and the exact solution.
The generation and analysis of stable finite element methods can be very challenging; thus a wide array of techniques have been developed for such pursuits. Although many such techniques have become very successful, a large amount of time-that is, time before code is ever run successfully-can still be devoted to developing stabilizations of discretizations each time a new problem is to be solved. The DPG method is thus very appealing in that it is an intrinsically stable finite element method. i.e. No stabilization techniques ever need to be applied. The reason for this is actually quite simple: by allowing for a given
Therefore, recalling (2.4), we immediately establish that for
In fact, the right-most expression bounds the continuous inf-sup constant, γ.
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Thus, if γ is bounded away from zero, then γ h must be as well. Notably, the requirement that γ > 0 is very modest: this will be true for any well-posed problem so it must hold if a unique solution exists.
Practical algorithms for leveraging this observation have eluded researchers due to the computational complexity of inverting the Riesz map. Of course, we still do not exactly invert what is still an infinite-dimensional operator, R V DPG . Instead, by approximating its explicit inverse to a tunable accuracy at the element level, we understand that we will eventually reach a point where stability is achieved. Generally, this threshold is low [36, 37] and in our computational experiments we do indeed observe stability quickly and reliably with this approach.
Optimal test norms
Thus far, we have left the norm on V be user-defined. However, some choices must be more desirable than others, especially recalling that the choice of test norm affects which solution we arrive with via (2.1). We should also keep in mind that the error indicator η V K is determined by the test norm we use, and therefore the choice of test norm will also affect the refinement patterns that we produce.
Inspiration comes from attempting to construct a test norm such that the induced energy norm, · U ind. = B · V ′ , coincides with a particular norm of interest, · U . We define the optimal test norm of v ∈ V [38] to be
5 Explicitly, this bound is
Observe that with this definition we can write
for all u ∈ U . Here, we recall that since B is injective
is surjective and we arrive with the second equality above. Therefore, by using the corresponding optimal test norm, the solution error in our chosen trial norm can always be written
In the ultraweak setting, R V opt is often nearly fully com-
, so if the norm of interest comes from an L 2 norm on the field variables, u fld.
In the definition of this global (semi-)norm above, we have ignored the contributions of the interface terms which would make it an optimal test norm on V
DPG
. Therefore, it is of little surprise that the related restriction to each element, 
which can be easily discretized. In several fluid flow problems, the graph norm has proved effective [24, 25] and we will also use it here.
Nonlinear Problems
Our method for applying DPG to nonlinear problems follows a well-established trajectory explored in many papers [39] . Most notably, steady Stokes flow problems were first handled with the DPG method in [24] and using insight from that problem, a nonlinear algorithm was constructed to handle steady NavierStokes problems in [25] . Our approach here builds directly upon this previous work.
The general strategy is constructed from the standard GaussNewton algorithm. Our approach is to apply the DPG methodology to the linearized problem and successively minimize the residual of the linearized problem at each iteration. Specifically, we begin with an initial guess for the solution, u 0 , and about this point we construct a linearized problem for a solution increment, ∆u, viz.,
We define the linearized form to be the derivative of the nonlinear form, .4). An important feature of our work is that, when using the graph norm, the test space will inherit a norm which is updated along with the solution increment, u 0 . Updating the test norm, in this way allows us to ensure discrete stability of each linearized problem.
Implementing DPG
The fine details of the numerical implementation of the DPG method are described in [3, 24, 40] but, ultimately, the inverse of the Riesz map on each element must be approximated. Therefore, all of the previous results concerning stability and optimality stay true only in an asymptotic sense.
The method is usually implemented using an order-elevated polynomial space in
where, at each element, the polynomial order has been increased above that of the trial space, p, by a small increment dp. Numerical evidence supports that dp can be very small in practice-sometimes, even in 3D, dp = 1 gives reliable results. Theoretical results, however, suggest that the increment increases with the spatial dimension [41] .
We define P p (K) as the space of uniform p-order polynomials on the subset of the domain K ⊂ Ω. In an ultraweak discretization, we draw each component of the field variables from a discontinuous polynomial space of uniform order, p,
The interface variables are drawn from similarly-defined spaces, but must be continuous across each edge. For theoretical reasons, we choose the trace variables to be in P p+1 (E) and the flux variables from P p (E) for each edge, E, in the mesh. In other implementations, the interface variables are drawn from restrictions of standard exact sequence conforming polynomial spaces such as those developed in [42, 43] ; however, this has not been implemented here.
For the test functions, we construct the discretization from non-conforming analogues of the standard H 1 -or H(div)-conforming polynomial spaces [42] , depending, respectively, upon the functional setting of each component of the test function. In each case, we use a polynomial space coming from the exact sequence of order p + dp.
We emphasize to the reader that both the Riesz operator as well as the bilinear form need to be discretized with this method. Therefore, because the Riesz operator also needs to be inverted at each element, an LU-decomposition and a back-substitution must be performed, followed by matrix-matrix multiplication.
For a more dedicated account of the practical implementation of the method, especially with Camellia, we refer the interested reader to [3, 4] .
Formulation
In this section, we formally derive the variational formulation we will use for the Oldroyd-B model with Navier-Stokes coupling and then the corresponding test space adjoint graph norm. The derivations for the Giesekus model, α > 0, and the Oldroyd-B model with only Stokes coupling are left to the reader.
A mesh-dependent ultraweak formulation
By introducing the velocity gradient, L = ∇ u, as an independent variable, we can write the entire coupled steady system as
where we have introduced the autonomous Lie derivative [44,
∂t . Taking into account (3.2) and (3.3), this can be expressed as
The solution components u, p, L, and T will constitute all of the field variables in our ultraweak formulation. Formally testing (3.1) with smooth vector fields, v, (3.2) with smooth 2-tensors, M, (3.3) with smooth functions, 7 q, and (3.4) with smooth symmetric tensors, S, we see that after integration by parts over each element and summing each equation together over each element of the mesh, we arrive at the nonlinear form
Here, for brevity, we have discarded the subscript "Ω" from the L 2 inner product notation. In order to arrive at an equation without boundary terms, we have assumed the test variables to vanish on the domain boundary, ∂Ω. If, however, the test functions are unrestricted on the boundary of the domain and are allowed to be discontinuous across element interfaces then the additional contributions collect together to form the interface termsb
If we assume a smooth solution near the boundary of each element of the mesh, K ∈ T , the new interface solution variables can be identified with the restriction of the velocity field, u = u| ∂K , the normal flux of the Cauchy stress,t = σ| ∂KnK , 7 Note that we could instead enforce Tr(L) = 0. and the normal flux in the hybrid variable T ⊗ u,ĵ = (u| ∂K · n K )T| ∂K . 8 In this case, the entire nonlinear form becomes
We note thatb(·, ·) is in fact linear in each of its arguments, however, b fld.
nl. (·, ·) is only linear in the pressure variable, p. Following the strategy of Section 2.3, but from now on abandoning the prefix ∆ from each solution variable as well as the subscript-h denoting element-wise differentiation, we find that
) ij e k , and also
by exploiting the fact thatb is bilinear.
Derivation of the graph norm
Suppressing notation for the domain, Ω, we choose to minimize
where η = η P + η S is the total viscosity and l 0 is a length scale to be set for the problem. Notably, in the derivation for the Giesekus and Oldroyd-B models with Stokes flow coupling, we choose a combination of scales such that the weight on the u L 2 -term evaluates to 1 kg 2 /(m 4 · s 2 ). Using Lemma A.1, we arrive at an explicit characterization of
It is also appealing to removeĵ entirely and replace it with the product of trace variables,ûT. Here,û would be the interface velocity andT would be a new variable identified with the boundary restriction of T. This choice was not made because it leads to an additional nonlinearity in the formulation.
= sup
, and the graph norm is simply
Confined cylinder benchmark
We implemented the method above using Camellia [3, 4] ; our implementation is available as part of Camellia's current stable release. The verification of our method was performed on the so-called confined cylinder problem, for which many results are available in the literature [9] [10] [11] [12] [45] [46] [47] [48] [49] . This is a simple two-dimensional problem where the fluid passes through a narrow channel with a centrally placed cylinder impeding its flow. The ratio of the cylinder radius to the channel width to the length of the domain is taken to be precisely 1 : 2 : 15, as depicted in Figure 4 .1.
In this problem, the length of the channel is understood to be sufficiently large for outflow conditions to have little effect upon the quantity of interest which is the drag coefficient,
Here,ū is the average inflow velocity and Γ C is the entire cylinder. Notice that we reduced the computational expense by considering only half of the flow domain with reflectively symmetric solutions. We thus compute on the upper-half of Ω, which we denote Ω + . Because our interest is driven by benchmarking, we do not present a qualitative analysis of our solutions with the common viscometric functions. In this regard, however, our results did closely agree with those reported in [47] .
This section continues by further describing the boundary conditions applied to this problem. We then compare our results to the literature for a various values of the Weissenberg number, Wi, various values of the Reynolds number, Re, and various values of the mobility factor, α. Of these comparisons, the first dedicated subsection examines the Oldroyd-B model without inertial effects, Re = 0. Here the most extensive results appear in the literature and our comparisons are the most thorough. It is also in this subsection that we analyze our adaptive mesh refinement strategy and investigate the influence of this strategy on our estimates of K. In Sections 4.3 and 4.4 we use our techniques to examine the effects of non-zero Reynolds numbers followed by non-zero mobility factors. Comparisons are given in both cases with the literature. Lastly, we consider some drawbacks of our implementation, one particular spurious feature of concern which developed with higher Weissenberg numbers, and describe some possible improvements.
Set-up
In this study, the Reynolds and Weissenberg numbers are defined as Re = ρūR η , and Wi = λū R .
Since we have used the radius of the cylinder as the length scale to define the Reynolds number for this problem, we choose to use it again in the definition of the graph norm, (3.6). That is, beginning at (3.5), we set l 0 = R. As is standard in similar incompressible flow problems, we prescribed the inflow velocity to be that of the steady-state Poiseuille solution for flow in a channel, u(x, y) = , where
In some studies of this benchmark problem, the inflow value of the advected quantity, T, is prescribed. Our formulation, however, does not readily allow this type of boundary condition.
We generally attempt to enforce boundary conditions, whenever possible, by explicitly constraining the interface variables and not constraining the field variables. However, the only interface variables which entered into the Lie derivative equations, (3.4), after integration by parts were the three independent components of the flux of the extra-stress,ĵ. Prescribing the flux of T from the exact solution above, we set
at the inflow boundary. Observe that the Cauchy stress vector must be continuous across the reflective boundary. However, it must also be symmetric under reflections passing the vector from Ω + into Ω − . Therefore, at the reflective boundary, the stress vector must vanish in the direction normal to the interface boundary, σns ⊥n. Since σ is symmetric andns ⊥n is arbitrary, all tangential components oft = σn must vanish at the reflective boundary.
We chose the boundary conditions at the reflective boundary from physical intuition and motivation from the inflow boundary prescription. First of all, due to the symmetry of the solution, we anticipate zero flux of the extra stress tensor across the boundary. The logic for this is simple since any flux vector should exist in equal magnitude, but reflected direction, at the opposing point across the boundary. Following from this principle, the normal component of the flux must vanish at points where the flux is equal to its reflection, and so at all points on the reflective boundary,ĵ = 0. Likewise, the velocity of the fluid normal to the boundary, the mass flux, must also vanish, u ·n = 0. Indeed, we could conclude that the flux of T vanishes at the reflective boundary, plainly from this relationship on the fluid velocity,ĵ = T u ·n = 0. The final boundary condition at the reflective boundary-the stress vector,t = σn, being parallel to the boundary normal-is not quite immediate although it can be argued similarly. Our argument for this condition is given in At the outflow boundary, many different choices of boundary conditions are possible for this problem. We have chosen to present results from a fully prescribed outflow velocity field. Other choices such as zero outflow traction or mixed boundary conditions (zero tangential velocity and zero normal stress) were also tried by the authors; however, with the energy norm error indicator, both of these choices induced localized refinements near the outflow boundary. None of these other outflow boundary conditions had any discernible influence upon the computed drag coefficient values in our experiments. The presented boundary conditions-wherein the outflow velocity is prescribed from the Poiseuille solution-resulted in the smallest small-scale change of solution features near the outflow boundary and so also the fewest isolated refinements in that region.
Finally, boundary conditions at the walls of the channel and obstructing cylinder are simply taken to be of the standard noslip type, u = 0. Here, the flux of the extra stress tensor was not prescribed. Of course, prescribing the velocity field at all boundaries of the computational domain necessitated introducing a uniqueness constraint on the pressure of the system. In all experiments, we chose to enforce a zero-average pressure,
Given that the DPG method generally requires boundary conditions to be prescribed through the interface variables, we have reinterpreted them in Figure 4 .3 as described above wherein we also depict the initial mesh used for each simulation. Notice that we always began our simulations with the same 36 elements and did not require any parameter continuation as did some other methods [12] .
Creeping flow with the Oldroyd-B model
Here, we present the computed values of the drag coefficient for the Oldroyd-B model with Stokes flow coupling and the energy refinement strategy. In this situation, and throughout, all experiments performed with the energy strategy used the naive refinement marking scheme from [52] . That is, at each refinement step, for η max = max K∈T η V K and θ ∈ (0, 1), we marked elements for refinement if η V K ≥ θη max . In our computations, this threshold parameter was consistently chosen to be θ = 0.2. Table 2 : Computed drag coefficient values are given above for Weissenberg numbers Wi = 0.1, 0.4, 0.7, and 1.0. We give the drag coefficient as computed from the flux variablet, as well as the drag coefficient as computed from the field variables. Reduction in the energy error as well as in the L 2 drag error is usually observed as each mesh is refined. Table 2 demonstrates exactly how the numerical values of the drag coefficient change with the growing mesh for select values of the Weissenberg number. The computations ended when the MUMPS direct solver failed on our system. These failures could have been caused by insufficient computing resources for the problem size (an eventual barrier for all discretizations), ill conditioning, or simply ill-posedness and instability. Below, we attempt to determine, based on the data, the likely reason for each failure at each Wi. We also highlight the fact that the number of elements added to the mesh after each successive refinement could vary greatly with the Weissenberg number.
With this in mind, even after just a handful of refinements, the mesh structure also varied greatly-as is demonstrated in Figure 4.4-with refinements in the wake of the cylinder becoming more pronounced with growing Wi.
We note the two different estimates of the drag coefficient presented in Table 2 . The explanation for this is that by computing both the traction,t, as well as the field variable stress components, p, L, and T, we can make two different estimates of the drag coefficient: Table 2 ). Displayed in the velocity profile is a surface plot of the velocity magnitude underlaid by a vector field plot showing the magnitude and direction of the velocity. The brown curve defines γ, along which, the stress components are sampled in the coming figures. and
The first we call the flux estimate; and the second we call the field estimate.
Having two available estimates, we attempted to see if one was more accurate. Our inspection was both qualitative as well as quantitative. Initially, by plotting the profiles of the extrastress components along the curve γ presented in Figure 4 .5, we inspected the convergence with mesh refinement of T compared tot for several values of the Weissenberg number. As illustrated in Figures 4.6 and 4 .7, the profile of t 1 was generally less variable than any component of T. This suggests that K(t h ) could be more accurate simply because the accumulation of relative error in the field variables (to form σ h ) is avoided. Another justification can be found by a simple examination of the theoretical energy spaces but we will not explore this here. It was, of course, the empirical evidence that was the strongest suggestion that K(t h ) is the most accurate estimate. By observing the convergence behavior of both estimates and comparing them with the drag coefficient values reported in the literature, we found that the flux estimate was always slightly closer. In fact, although we are not sure of the reason, the field estimate was always slightly smaller than the flux estimate and, moreover, both approximations appeared to always converge to a steady value from below. We therefore only present the computed values of K(t h ) in our results from now on.
Regardless of this determination, having two different estimates of the drag coefficient motivates a new extrinsic estimate of solution error. We define the drag error estimate,
We anticipate that for smooth enough solutions, this error will converge to zero. Understanding the behavior of the drag error with Weissenberg number was a concern in our study and for the range 0.5 ≤ Wi ≤ 0.7 some explanation can be given simply in the refinement pattern. Figure 4 .9 demonstrates the growth of the mesh with the energy strategy for Wi = 0.7. Here, it is obvious that the energy error in the wake of the cylinder eventually dictates the mesh growth. For this reason, the mesh was rarely refined near the cylinder, so it is of little surprise that the drag error was not strongly affected after each refinement. It is well known that T 11 develops a strong internal layer in the wake of the confined cylinder as the Weissenberg number grows. This is depicted in Figure 4 .10 and directly explains the refinement pattern we saw. Figure 4 .11 demonstrates the evolution of this component of T along γ as the mesh was refined when Wi = 0.7. For this Weissenberg number, this internal layer is known to be very difficult to reliably capture and our results, in accord with much of the literature, do not show convergence in the profile of T 11 in the wake of the cylinder.
As the drag coefficient is measured from solution values on the cylinder, we tested two ad-hoc refinement strategies which would refine the mesh more often near the cylinder and so hopefully increase the accuracy of our estimates. In strategy #1, we began with the same energy strategy as above, with the same threshold parameter, θ = 0.2, except that at every step we also always refined each element with an edge lying on the cylinder boundary whether or not it was originally scheduled for refinement. In strategy #2, we similarly began with the energy error strategy except that at every step we enforced the refinement of each element with and edge lying within a distance of 0.1 from the cylinder boundary. Close-ups of the sixth refined meshes for each of the three strategies when Wi = 0.7 are given in Figure 4 .12.
Unfortunately, the ad-hoc strategies that we tested introduced issues of their own. In the first strategy, the relative scales of element sizes in the later meshes produced conditioning issues that led to failures in our solver. In the second strategy, the size of the narrow band about which we were enforcing mesh refinements was just large enough that all of our computations failed upon attempting the eighth refined mesh. In this second scenario, a slightly thinner band would likely have returned a more desirable final mesh; one with few enough degrees of freedom that our solver would not have crashed and we would have gotten a more accurate drag coefficient for our final data point. Determining the optimal band length was eventually abandoned as it was not in line with our research interests. Obviously, the energy strategy is not optimal for developing an accurate estimate of the drag coefficient. A goal-oriented approach would have been more desirable in this context, so we have begun developing such strategies with DPG for later work. Table 3 compares the computed values of the drag coefficient with each of the three different adaptive strategies. Here, we see the best agreement with the literature in the energy strategy and so-while still recognizing its flaws-we decided to use it exclusively in our other studies.
A note must be made on our computations for Weissenberg numbers between 0.8 and 1. Although we will return to this again in Section 4.5, we mention that in this parameter interval, our nonlinear iterations failed to establish the expected quadratic rate of convergence in the Newton iterations as the mesh was being developed. Indeed, usually for coarse meshes, quadratic convergence of our Newton iterations was easily attained for all studied values of Wi. Only as the meshes were adaptively refined did the expected rate of converge falter for large Weissenberg numbers. This was true regardless of the refinement strategy we considered. Some reasons for this could possibly include degeneration of solution regularity but-considering similar results in the literature-most likely indicates that the problem we are solving is no longer well-posed. Indeed, some researchers have indicated that the solution becomes transient in this interval [47] . Others have indicated that the problem may be entirely ill-posed in this range due to the model allowing infinite extension of the viscoelastic fluid under finite elongation rates [9, 12] . Ultimately, we consider each result for the 
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interval of Weissenberg numbers 0.8 ≤ Wi ≤ 1-as well as for all our later results where quadratic convergence was not exhibited-dubious. Our observations in the loss of quadratic converge indicate an issue, not in the resolution of the problem and certainly not in the stability of the problem, but either in our discretization or in the underlying well-posedness itself. In order to gain further algorithmic insight, we have continued our analysis for the inertial Oldroyd-B model and the Giesekus model.
Effects of inertia in the Oldroyd-B model
In this subsection we investigate the effects of the advective term in the kinematic equations upon the Oldroyd-B model. Here, the drag coefficient was computed using the same energy strategy described above for Reynolds numbers Re = 0.01, 0.1, and 1. The results are collected together in Table 4 . For a fixed Weissenberg number, the drag coefficient grows with the Reynolds number due to increasing velocity gradients.
Perhaps surprisingly, we see that our results match most closely with those in the literature as the Reynolds number is increased. The reason for this is suggested in Figure 4 .13 where the profile of T 11 is plotted for each Reynolds number. Notably, as the Reynolds number grows, the values of T 11 decrease in the wake of the cylinder much faster than on the cylinder surface. This suggests that a smaller proportion of the elements will be marked for refinement downstream as Re grows, resulting in Figure 4 .14 illustrates how the drag coefficient changes as the Reynolds number is increased. We see that the behavior is nearly identical until Re = 1.
Giesekus model
In this subsection we investigate the effects of the mobility factor in the Giesekus model with Stokes flow coupling. Here, the drag coefficient was computed using the same energy strategy described in Section 4.2 for α = 0.01, 0.1, and 1. The results are collected together in Table 5 . For a fixed Weissenberg number, the drag coefficient decreases as the mobility factor is increased. The decrease in the drag coefficient is due to the shear-thinning properties of the Giesekus fluid model. Figure 4 .15 depicts the profile of T 11 for each value of α and fixed Wi = 0.7. Notice that the scale of this variable is strongly dependent upon the order of magnitude of the mobility factor. Figure 4 .16 demonstrates how the drag coefficient pattern changed with Wi as the mobility factor was increased. Notably, the relationship became monotonic over the parameter range considered once α ≥ 0.01.
Further symmetry through penalty constraints
Reflect upon the results thus far. Generally, a reliable solution became more difficult to achieve as the Weissenberg number grew. This agrees with all literature on this problem and is clearly confirmed in Tables 3 through 5 . Nevertheless, we wish to determine whether the computational challenges we have faced are likely to be caused by a particular feature of our method. The one possible issue which stands out to us is the choice of boundary conditions we have made.
Indeed, as remarked in Section 3.1, we created the interface variableĵ so that the formb(û, v DPG ) would be bilinear. This caused us to enforce flux boundary conditions on the extra-stress tensor T on the boundary of the flow domain. A draw-back of this is that reflection symmetry in the velocity gradient and extra-stress tensor is not directly enforced. The purpose of this subsection is to examine this potential issue in isolation and determine if directly enforcing this additional symmetry would improve computation performance. We only consider the noninertial Oldroyd-B model in this supplementary analysis.
Observe that ∂u2 ∂x = 0 along the reflective boundary. Similarly, ∂u1 ∂y = 0 from reflective symmetry of the velocity in the xdirection. Adding to these observations, the previous conclusion that σ 12 numbers in Figure 4 .17, we see that our computations fail to preserve this symmetry for each Wi ≥ 0.8. This suspicious circumstance calls each of these computations into question. The failure of our Newton iterations to converge quadratically for these parameter values may be related to degeneration of this symmetry condition, possibly indicating non-uniqueness of solutions.
As previously mentioned, given our variational formulation, we cannot influence the components of T 12 directly through boundary conditions. One possible remedy is to add penalty constraints on the field variables along the reflective boundary. In our computations, symmetry in the T 12 variable was readily restored with the penalty constraint T 12 | {y=0} = 0 as depicted in Figure 4 .18. Unfortunately, as is common with penalty methods, this constraint also increased the condition number of the linear systems. In Table 6 we have collected the results of our simulations and highlighted the scenarios in strongest disagreement with our previous computations. Notably, we see extremely good agreement for Wi ≤ 0.5 and the new estimate for Wi = 0.6 is slightly closer to those in the literature than before. Again, for Wi ≥ 0.8, we did not recover quadratic convergence in the Newton iterations, so we still consider these results dubious. This, therefore, does not justify further exploration into the inertial Oldroyd-B or non-inertial Giesekus models. Observe that the inconsistencies present in Figure 4 .17 have been resolved in the wake. However, for most values of Wi, T12 has not been affected on the cylinder. The curve for Wi = 1.0 is still almost certainly incorrect.
Conclusion
In this paper we analyzed the steady flow of Oldroyd-B and Giesekus fluids around a confined cylinder with the DPG methodology. No stabilization was ever applied to our discretizations. We adaptively refined parameter-specific meshes for each simulation through a sequence of mesh refinements with hanging nodes marked by a local energy error estimate. This adaptive strategy was easily incorporated into our simulation and came naturally out of the DPG methodology. We used the Camellia software [3, 4] for all of our analysis.
Our qualitative comparisons with the existing literature were based on calculated estimates of the drag coefficient. Because our method contains two sets of solution variables (field and interface), we were able to estimate the drag coefficient in two different ways which led to an useful estimate of the solution error in the drag coefficient. We have called this error estimate, E K , the (DPG) drag error estimate and we believe that it is unique in the literature. This error estimate is independent of the reported estimates in the literature and we anticipate that it may be useful for developing a stopping criterion in predictive modeling.
Unfortunately, the adaptive mesh refinement strategy we used in our studies was not constructed to produce optimal estimates of the drag coefficient. It is, instead, an intrinsic strategy that considers the solution error throughout the entire domain without bias. For this reason, for Weissenberg numbers generating strong boundary layers in the extra-stress tensor we observed diminishing agreement with the literature in terms of drag coefficient estimates. As the strength of the shock grew, we also saw increasing drag error estimates.
We briefly explored two ad-hoc refinement strategies to improve upon our drag coefficient estimates; however, our results in those examples portray the delicate nature of such strategies. Instead of advocating for a particular ad-hoc strategy for this problem, we have begun developing new goal-oriented refinement strategies for DPG methods which will appear in future research.
The ultimate conclusions of our simulations with respect to the well-posedness of this problem in certain Weissenberg number intervals are in general agreement with the literature. That is, we observed breakdown in our simulations for the Oldroyd-B model with Stokes flow coupling around Wi = 0.7. Our numerical experiments suggest to us that this is likely because of a lack of well-posedness in the problem itself for these values. In our simulations of the Oldroyd-B model with Navier-Stokes coupling, we saw the threshold Weissenberg number rise as the Reynolds number grew; similarly, the threshold Weissenberg number rose as the mobility factor was increased in the Giesekus model (with Stokes flow coupling). Our collections of drag coefficient estimates in these two simulations are in good agreement with [47] and improve as the Reynolds number or mobility factor is increased, respectively.
